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AN OVERVIEW OF IIEIAl MST’IC HYDRODYNAMICS AS APPLIED 7U I+B#VY

ION RBKT’IONS

D. Strorunan

Theoretical Division
b Ahrnos NationaJ ldOnltOIy

LOS ~UtlOS, NM. 87S45

The application of relativistic hydrodynamics as
7’

lid 10heavy ions is reviewed
Constraints on the nuclear equation of mare, as well as the orm of tie hydrodpamic equa-
tions unposed by causallty are discussed. Successes (flow, side-splash, scaling) and
shortcomings of one-fluid hydmdynmnics arc reviewed, Models for pion production within
hychodynmrtics and retwru for d@reemmt with cxperimcm are assessed. Finally, the
motiva!iom for md dr impkmcnta-iom of muht-fluid mo&ls arc presented.

1 INTRODUCTION

Hydrodynamics has Ion been used for the description of high energy reacrions
simce its introduction by Fermi, F Landau,2 and Pomcrmchu. L3 Its application 10 bgh-en.
ergy hadron-hadron scarpering has enjoyul considerable success,’ albeit not wItiouI a cer.
tain arnoum of controversy. 5 Indeed, it successfully describes fi reactions up to 800 GcV
of center-of.mms energy6 if the effects due to OCa,lkf “leading puticles’’-<reafcd panicles
*al caq ●way a cenam amount of available e~rgy--am mkem into account,

in w-cenr ears hydrodynamics has also been applid to heavy ion reactions. The
toriginal work’J’ tintercd on k possible existence and implications of shock waves

Dcspte arguments by Bensch]o that nucle~ shock waves could not persist, considerable
t,heoretlcal and expenmenraf work continued Tlus work has been justified with the exper-
imental verifica~ion of many of die original

r
redactions based upon hydrodynamics

Excellent revmw.s of IM ea.rllcr wti m non-rc ativlstic hydrodynamics m-y be found m
Stocker ?r u/ 1]

With lhc advw-uof tughcr-crwrgy heavy I~ms,the rquuemen! of relmIv Is*,c hydrw
dynarnlcs becomes ev!dcnl Smcc thr on~ma.f caJculatmns of kndcn n U/ ,12 rela!lvi.stlc
calculations tmvc &n pertotmcd by m~y other groups 1~,14’15’16These have &en the
subject of several reviews 1“1ROt9120b dus pqrcr [ shall not attempl to du~llcate Lheac rc
VICWS Rather, I shall present a brief overview of tic succesws of the rcluwtic hydrmfy
narnlca.1model, m dcficlcncles md Its extcnwons that overcome some of the Ori id proh
lem~ The aun I! to provldc an uwrodurlmn and to SC!the framrwwrk for the 0$ er contrl
butmns on rcla.ttvLwlchyd.rodynatnic$ m flus volurnc



equation of state, one of the holy grails of hca~ ion reactions. - However, it is not a micro-
scopic model and thus cannot add.rcss cemin questions of direct imrest such as thcnntJ -
i.zation, Nevertheless, it has proven invaluable m providing predictions and comelating d~a.
It will continue to do so as one achances into the higher energy domain.

II. IMPERFECT FLUIDS AND IMIWUECT THEORIES

The relativistic equations for a fluid may l-wwritten in the elegant form

~PNIJ = ~ (1)

~JWv = (_), (2)

where the nucleon currcnf is

NIJ = nulJ+vP, (3)

where n is the nucleon density in the rest frame, IN the four-velocity and W the paticlc-dif-
fusion cuncnt which is zero for a prfect fluid. In the limit of a perfect fluid, me has

TTm quation ensures baryon
Euler ~uations

NV . (N,PW, N = p , (4)

a~~ . ‘~ +V(rw)=o. (s)

number conscmation and is familtar from k non-rclativkt.ic

The cxprcsslon for the enmgy-momcnrum wnsor WV is more complicated,

f“”” = Lu”uv + (P+ T)q’v + q%” + “’q” + # ?

p’
q = g~v + Upuv ,

and h? entropy current is

Sk = snub + $

(6)

(7)

in Eq (6) ~ K ti rest-frame energy dcnsi~-, P ts the pressure. Tconta.ms ‘It bulk
VLSCOSIty,q~ ISthe heal conducrmn tensor and *V u the shear wscosny tensor In the pcr-
fec! flu]d !umI, T, q~, and *V uc mo and one has

Inscnmg TV\’mto Eq (2) and wnung m vector notat]on results in

y+v(W=. vP

md

N+vw$)=.v (; P),
Ch

(u)

(9)

(10)



which are the Euler cqutiions for conscnarion of momenrum and density. Had the viscos-
ity or heat conducton terms been retained, the analogo’ls quations wou!d have been
somewhat hofilc.

There an nvo special cases of Eqs. (3) and (6) that warrant comment. kpations for
an impefiea, relativistic were published by EckmM and Landau -Li.fschitz.22 In Eckan’s
formulation. one stts v~ to zero, in which case the four-velocity of the fluid is M@ to that
of Ihe panicles. In the Landau-lifsch.itz fotm. # = 0: the energy flux is zero in the rest-
frarnc of the fluid.

Summarizing. ECkan: vu = o velocity follows tlx piucicles,

kdau-Lifschitz: (# = O velocity follows the awrgy

Much discussion has been spent in arguing the virtue of one choice over the other. For a
#ect fluid (no dissipation), the two arc quivalent.

In a series of paps, H&cock and Lindblom25~6’27 have examined the structure of
tiesc first-order theories. (They are referred to as 6rst-order theories because the expres-
sion for the entropy cunm, Eq. (7), contains only deviations from equilibrium that are of
fn order. ) W= collusions arc both simple and disturbing.

(n) All quilibna are unstable in the wnsc that small pcrnrrba.cions away from cqui-
libia will gmw exponmdy,

(b) The theories qpar to be acausal in that it is possible 10 transmit signals a[ ve-
locities am that of light.

The time scales for the instabilities arc vety shon. An estimate of *C characteristic time
scale given m Ref 27 (negleaing viscosity) ts:

Tz KT

(FC2+P)C2
(11)

(A sunilar selection holds i.fviscosiry is present. ) The value of the heal conductivity K m

nuclear matter is poorly known. However, an estirnak for K given by Cscmai a a/ M is

Kti0015L ~1 ‘

whcrras m cstumdg otmkd km solving the Bolmnatm qumon rcsa,dLsin

w!,crc T IS measured m McV Using the larter estimarc and mwIIing imo Eq ( 10), onc
ohm%

1- 10”2”s

for energy densities easily obrmned in heavy ion rcacr]ons A value for K obmned hy
DanICleWICZ~Ois somewhat different, bul &cs not chartgc the mbvc conclusion, TINJs,o~r
may & forglvcn for fcclmg uneasy wlwn using the fro-order thconcs of Ekkm or hnchlu -
Llfshtz and mcluchng dwwpmmn

However, m the same seks of papcm, HLwock aruf Lmdblom have shown thal a
‘l N both cauwd and statm Howevrr.second-order ~ propomd by Israel and SIcwan

II has the dlwdvarusgc of bck p apprcclahly more com lIcaIa4 Rather than the five dcgrcc~
fof freedom m the fmt-order thcorrcs, there arc now ourtccn The solu II(m of tlwsc mor~

gtrIcI d cquatwm hm~nm tmcn done



The conclusions reachd by Hiscock and Lindblom arc not withoul controversy and
arc not acccp[ed by everyone. II should bc noted that !4c expression for the encrgy-mo-
mcnrum tensor, ~v, ~. (6) does not change in the Ismcl-Stcw~ IJWOrY.Ra~er. ~e e~-
pressimr for the entropy currem, Eq. (7), is generalized to include terms of second order m
deviations t%omequilibrium. The requirement that entropy not decrease (second law of
thcrmodynam its) then imposes requirements on tic form of the current, which in turn im-
poses conditions on the nature of heu conductim and viscosiry in WV. These conditions
are different m the fist +rder and ~cond-order theories.

Olson and Hisccd32 have recent-iy pointed out thar these constraints dso SC-CY the
narurc of the nuclear equation of state The rquirernem chat the adiabatic sound sped, vs,
be subliminal rquires dw energy per nucleon mmrise fmcr than linear33 for large density
The considcration34 of the thermal degrees of ficedom imposes funher constraints; rhc
chcnnodynamlc constraints derived by Olson-Hiscock are even more restnaive. For ex-
ample, the Sierk-Nix35 equsuion of state, which rises linearly with density for large n pro-
duces unstable solutions at 1S.2 times nomtal density, although v~ exceeds one only at 740
n~. Similarly, the Skynnc interaction SkM* for which Vcexceeds on#2 at 9.3 nl~ has
regions of instabiJiry already at 5.8 nomm.1density. These values arc assuming the thermal
de~es of fradom are those of a dcgcneram Fermi gas. Clearly, more realistic examples
should be inb=tigared; most likeiy this would tmult in even Iowcr values of allowed densi-
ties. Nevertheless, this suggests the urility of looking aI the cotvmaints imposed by a rela-
tivitically~tlect &Oty.

III ONE-FLUID HYDRODYNAMICS

When onc speaks of hydrodynamics, one invariably means one-fluid hydrcAynam-
ics, The non-relativistic calculations are discussed by ManAn2 J elsewhere in this volume.
By one-fluid hydrcxlynamics, one means the target and projectile are essmtmlly pan of the
same fluid. Because, in the aknce of viscosity, the mean free path of a fluid is zero, this
is then a sttiement that when two nuclei coUide, stopping is immediate and equilibration
instantamous. This clearly restricts tic domain of applicability or one-fluid hydrodynamics
to that region for which tie mean he path of an energetic nucleon is appreciably less than
Lhcnuclear radius An estimate of k mean & palh is

for high energies tis gIvcs w-restimate of abour NO fm Scverd collisions arc required for
full stopping and n IS clear one-fluid hydrodymwnlcs is only XI approximation for high
energy

Because ti subjea is dhcusscd hh elsewhere in this volume, as well as in rwo
reccnl reviews,]’.lg wc shall be bncf T1-Ictriumphs and successes of hydrodynamics will
be brlcfly d]scusscd; its problems and shoflcoming wdl be revlewcd, as well M possil-dc
fururc rcmedcs

HI I KINGYC’ ENERGY FIJ3W AND SIDE-SPtiSH

One of the origrnal prahctmns of hydrodynamics was hat of shock waves and [hc
concomitant sldc-splash This may be vicwal in a classical pIcrum as arising from the col -
]Islcrnof two neariy incompressible obJccts irr a non-untrd col]L”mn ~though h magnl -
tudc of the deflection LSrelated to tic compressibility of tlw fluid, clearly one ex~cts a
qualltallvc dlffcrcnce tuwccrt tis p]crurc and that of two clouds of gas colliding and m
which the partIclc\ would pass through each other vr.rrually urwcathcd Fig. 1 presents tic
results of a rhr~-duncnslona,l calculation of 2~c colldrtg with 23RLI; the calctdation is m
the latwratov rcfcrcncc frame Thc dcflcc[mn of the 2~Nc (and !hc shearing of part of II\
sldc Jand the prc.scnce of a sldewards shock wave arc apparcrl[

Although such effects were sought m early stud]c~,confirmation of thesr predl~~lt~lli
hti(! I(I awa~t Ihc dcvcloprncnl of 4n dclcctlons knor~g the fmt Icchnlquc\ wJggcsIcd I(I



qua.ntl~ his collective motion was kinelic encr~ flow. II was suggested by G]-ulassy cr
dl 36 that one fcmn the 3X3mauix,

(13)

where the sw i runs over all detected particles, a and ~ denote the he spaIial directions,
and k p= arc the Lhrce-momenta of W- pamclcs.
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Time evolution of the nucleon density during *C rcac[ion 2WC on ~38U at a bom-
barding encr~ of 400 McV pcr nucleon. The calculation was performed in the
unlcr-of-velocity frame using the particle-in-cell method In the filial Eramc each
do[ represents a column of martcr; as the reaction CVOIVCSand waves appear, the
mater m Lhccolumn become skewed nnd tic wave visible

The cmtsrrumionand d.iagonahzation of the 3“3 matrix is equivalent to mmsforming
to a body -fucd a.xls oriented along the principal axes of a rigid body. The six indcpndent
mati elements of dK -%3uray may be related to the three principal axes and t,k zhrcc Euler
angles wluch one may obtain by diagonalizing the 3x3 matrix. The trace is sLmp!ythe toml
non-relativistic b.nclic energy If one labels Lhcthree cigcnvalucs f, so that f@f@f~, the
polar ang]c e 1, of msximum flow ISdenoted by GF.

TWCJltmits immediately show the usefulness of this analysis, Consider rwo equi -

mass nucle] m a ccntrtd collision If they arc relatively transparent and they pass through
one anmhcr, little martcr will be pushed into fie transvcmc di.recticm. In this cassedw flow
ang]c eF wd] & zero smcc tic ]iUge5t axis fl will h along the z-axis. However, i.fthere IS
complete stopping as m hydrodynamics, the strong pressure will cause mnncr to tu qumcd
OUIthe sides m rhc tmnsverw chrcctions and OF will Lw90’

The results m Fip 2 an plotted frcml one. and two-fluid hydrodynw]ic calculmion~
The abscissa Mthe ratm fff~ Onc unrned~tcly ws there arc large &ffcrcnces between the
calculations and hcncc, a mcmurcmrm af the flow angle could, m pri.nciplc, provide
mfoinnatmn nn trmspamncy Rswell M IJr cqummn of rtatc

Unfotn.matclv, them am Afficultks armiyzing cxpcrirncnul data with the appmauh
The first IS fluctuations assoul~tcd with the fmltc partlclc numlwr A suggcsti(}n I()
ovcrcnme thI.\ mhcrcnt Woblcm wm made by DamclcwIcz and CJyUla%Sy17but the problcm,
although mltlgated, rcmams A srcond problem IS the lntrr.nslt- mablllty 10 deflnc fr(m~
cxpnmcm a prccLw Impacl paramclcl



Nevefielcss, an analysis by Buchwa.ld er al JR of flow from hydrodynamic ca.lcu-
Iations shows good agrecmtm with 400-McV A data39horn the plastIc ball at tic Bevalac,
as is apparent in Fig. 3, taken from their paper. TItis provides strong evidence for the
applicability of hydrodynamics at these energies and is a triumph for the predictions made
many years before mch siclcwards flow was seen.

o

Fig, 2,

i

I
I
I
I
1

\+
u I

\ ‘i
‘t

)f2
-—-— -—-— -—. .

/
●

f,2fbd

Pf3

5

Results for flfls and ffls, tk rati6 of eigenvalues of the kinetic energy tensor for
borh a one-fluid and a two-fluid ca.lcukion, horn the reaction of mass 40 nuclei
colhdmg at 8CNIMeV per nucleon. The indicated points represent dfierem impaa
parameters b in uniIs of the sum of the radii RI+R2 = 2R; thus, b = 1 represents a
grazing collision. Tk circles represent impacl parameters of 0,05,015,0.25, elc.,
with tit larger angles corresponding to smaller b.
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~, “ ., .. ~ Fig 3. Distribution of flow angles for the~’

~ reacmn ‘3Nb+93Nb al 400 McV per nucleon~=
n“”’ -. Results shown arc horn a hydrodynamic mock]

and cascade model h.. well as experiment The
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figure ISfrom Rcfs. 17 and 38



112 llU!!SVERSE FLOW’

To overcome the problems engendered by a finite rnultipliciry, Danielewicz and
Odyruedo proposed tiai a useful measure of flow was the transverse momenrum flow, ~,
in the reaction plane. In addition, they proposed a new and successful method of
determining the reaction plane from the obsenwd fragments, Their method is now the
standard method of comparing predictions wkh me-d flow.

In Fig. 4 art shown results for rransversc flow pa nucleon, WA, obtained from a
rwo-fluid model for collisions of equi-mass nuclei for several impact parameters. ,U one
might expect, there is a clear dependence on impact parameters. h Fig, 5 arc shown results
for crarwerse momentum, WA
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Resulrs for WA resulting from a col.llsion of mass 40 nucleons al 1.8 GcV per
nucleon for unpacr parameters of O.OS,0,25, and 0,45, as ~~c~aled til tie WO-fluld
model AI this Ixxnbad.ng energy results horn a one-fluid model are similar.
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RcsulIs for ~/A resullmg from a collision of mass 40 nucleons al 1 R GeV pcI
nucleon for three unpact paamc[crs, -s ca.lculatcd m the two- fluld mode] AI [hl~
bombardmg ekr~, results from a onc-fltud mockl arc sundar



Mcr maximum compression is reached in a collision, the nucleon fluid will expand
until hyd.rodjmarnics ceases to be valid. The fluid should then break into nucleons or higher
mass composites and mavcl to the detectors. However, this break-up time is not well -
dcfmed a-d many of tie calculahxl observable may depend upon whatever one assumes.
Two assumptions are generally used:

1. Global; break-up time is eve~here the same and is chosen by some criteria
based, e.g., on the average density or temperature;

2. Ccl?-by-cell; the time for beezc-out occurs when the marter in each individual
cell drops Mow a pscri?xd density or temperature.

Figure 6 shows results for four differenr global break-up times. One may observe
there is sane dcpendmcc on he assurrd break-up time, M, fortunately, the dependence is
weak, In getwral, it is found that if k calculation has a wfficient number of cells, once the
calculation proceeds pas! a ceflain shape, <pJA> and <@A> remain essentially
unchanged.

‘Ca + ‘Ca 1.8 GeV/u b=.35
300

0
6

A I

-300.~ 1 1 I
-1 0 ~ 2

Y/YpiQj
Fig. 6. Avemge mnsverw momentum per nucleon, pJA, for four assumed break-up times

for mass 40 on mm 40 ar 1.8 GeV/u. ‘I%etimes in the calculational frame for the
four CUNCS are 11.4, 13,6, 15.9, and 18.2 fro/C.

111.3. SCALING

In the absence of dissipation, the Euler quarions have only fii-order derivatives it
both space and tirnc Thus, if the spatial components are all increased by a factor c:T + G ,
the solutlons to the Euler equation WLIIremain unchanged if the time is scaled by tic same
amoun[ The Euler quations do not provide a fundamental scale and hence the resul[s will
apply qually well for all nuclei if waled by A]fl. In the non-reltiivistic regime the results
should ak sdc as E1~.

The addition of dissipation breaks scaling since this inserts wrms cmmin.in g higher
denvauves. Tk, au rndwd to Ioc& for the effects of viscosiry would be to check for
vio]~[]ons of mxlmg Unfosmnmely, h are other, physical processes thti can lead to
vlo]atlons of scaling For insmnce, particles near the surface can escape or the surface m-
giom can AZC-OUI earlier than the interiorregions; the effec!s n~d noI scale as Alfl. As
onc mcrcascs the energy, new physical procesmi such as piort emission are allowed
Fm.ally, If one encou.mem a phase transition, scaling would also break down



Scaling has been examined by Balazs er UI.42 and Bona.sera and Cscma.i.47 Resul[$
from the latler analyses arc shown in Fig. 7. The small deviations from scaling carI he
atibutcd to viscosify, ftite mean free path, edge effects, and other mezhamsms.

1-’”” 1 I 1 T 4
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-1 -0.5 0 0.5 1
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Fig. 7. Scale-invtiam transverse momentum plorted a.s a function of scale-invariant
rapidity for three different reactions: ~ + KC], 1.8 GeV/u (dotted circles); La +
La, 0.8 GcV/u (squares) and Nb + Nb, 0.4 GeV/u (diamonds). The fig-are is
taken from Bonasera and Cscmai.43

IV. MULTI-FLI ~ FLOW

Multi-fluid flow for the description of heavy ion reactions has been introduced for a
variery of reasons. The formulation of the equations to descnbc a multi-fluid system is
fo,mally s~a.ightfoward and is a generalization of the one-fluid quations. However, the
coupling terms that describe the new physics may generate considerable practical
di.fficdcies.

The had.ron current for an N fluid system is

(14)

the sum is over the types of particles allowed, although one generally has ~@W = O, the
individual baryonic currents may or may not satisfy rhis conservation law. in the one-fluid
model the baryon current was identical to thar of the nuclems and @J~ = O sfiply
represented consemation of baryon number, If the number of species can change and, in
particular, if there are mesons or anti-particles which can bc created and absorbed, the
current describirlg each species clearly need not be cmservcd.

Similarly, the energy-momentum wnsor is

l’% = $f’(x) (15)
k~]

Although the tola.1energy and momentum are consemed, chat of each individual fluid need
not

(16)



The coupling functions F; determine tic new physics and distinguish onc model or variant
from another. The motivations for introducing multifiuids may be ~ouped into three
calcgories:

arency. This was the motivation for the original wotk by
on the two-fluid model. Perfect fluid hydrodynamics (no

dissipation) necessarily implies a zero mean free path The use of viscosity
allows small, but ffite mem fr~ paths. However, at relativistic energies, the
nuclear srcl.@ng distarm may &come comparable to, of excad, the nuclear
dimension. At this point it &comes ve~ diff]ct.tlt to justify hydrodynamic
calculations thaf aswrne ~ = O.

These ccmsiderarions also motivated the work of Dan.ielewicz er al.47 and
Ivanov ef UI.48 within the context of th~ fwestreak model and Csemai and
Ba.tz4g for the quark-gluon plasma. This work was then extended to a two-
flu.id mo&l and is described by Sat.arov er also and Mishustin et al. 19 as well as
in wpame contributions to this volume.sl

2.
,.

~ In the one-fluid model, matter that is compressed or shocked is
assumed to thennalize immediately. Al”hough this is clearly not a correct
description of a reaction, it may not be a poor assumption at the lower bom-
barding energies. AI higher energies for which the reaction tie is comparable
with the rel~ation time, it is clearly a poor approximation of reality. The int-
roduction of two fluids mitigiues the problem but does not explicitly address
the issue of tkrrtalization.

In papers by Cscma.i er al.28 and Rosenhaucr er uI.52 the approach to
thermalization was studied by introducing a three-fluid model. In addition to
the rwo fluids representing tlw NO colliding nuclei, a third fluid was introduced
that dcswibed the tkrmalki fluid. Although these models are an improvement
on the one-fluid cmctdations, the models still have a problem in that if one
element of a nucleus &comes pan of the third or dterrnalized fluid, it is forever
a part of this fluid. In reaLty, a system may evolve so chat part of a fierrnalized
fluid may become um.hermalizcd. Such a possibility could be incorporated into
furure calculations by a generalization based on tie Bolmnam) equation of the
coupling terms.

3. m-c~ During the course of a heavy ion rea~tion, many
particles of different apccles, such as pions, kaons, crc., can be produced. In
principal each of these species could be described a a separate fluid, the evo-
lution of which could be govemcd by h@mc@rnics or kinetic theo~. The
cqu~ions for this this for heavy ion rca&ms wem fm obtained by Clam 13and
were elabwatal by Rosenhauer er al,s~ In this latter work the rwo-fluid and
three-fluid models can be obtained as limifs--although the merging of the rwo
fluids as in the calculation of Amsden er al.46 is missing. No tmrnencal cal-
culations have been reported within this third approach.

To obtain the quafions that describe our two-fluid model, each nucleus is assumed
to & a fluid chat has the idemicn,l prc,perties of tie fluid rqresentirtg the other nucleus,
When the two fluids collide they a!. allowed to exchange energy and momentum at a rate
propcmional to the rela!ive velocity of the two fluids and to the NN cross section appropriate
for that velocity. Thus, the rate of momenrum loss of each nucleus is fmjte u 1 the fluids
ma)’ ink~~~. The Uilount Of iJIk~mlZ%~L)n W~ be .U7d al k)W e~rgk h~ CrNN
is ]arger and increases as mu decreases, The coupling terms were estimated using
arguments from kinetic tkory; if one knows the colli.smrt rate and the amourtt of energy and
moment-urn lost in each nucleon-nucleon collision, then the total amount of loss may be
found.

The expression for the collision rate is



&ou = N IN2~TNVmI ,

where NI and FJ2 are the densities of the rwo fluids and Vmlis the relative velocity of the
fluids. This expression must be writlen in a form appropriate for relativistic
transformations, which is done by noting that N I and Nz arc the nuclear number densities in
the Calculational kanx

N1 = Ylnl , N2 = y2n2 ,

~ is the Lorentz invariant cross section for an NN reaction, and VmI is a relativistic
generalization of the relative velocity

The qumtity N1N2VRI =Xn1n2, whCm

x= YlY2Wel

is the LOIWIQ-hVfi~t Mgd.lerflux factor.w

The equations arc obtained by deriving them in the rest frame of fluid 2 and then
transforming to an arbitrag frame, ‘m the rest frame of fluid 2, X = AJVI = pi/ml. The
average longitudinal momentum transferred in each coliision horn f!tiid 1 to fluid 2 is
asst.llned to

6MI = K(X) V ] ,

where K is a function of X. The total momentum transfer is then RCOUK(X) v,. Making
usc of k salar invariant UI . u2, which is -yl in tie mt-hme of fluid 2 (where Ui K tic 4-
velociry of the I* fluid) me has

VI = - [UJ +(U1 “u~)u2] /(u] ‘ LIZ). (17)

When transformed to art arbitrary fhrne, this will in general conrnbute to both tie spatial
and time components.

The average kinetic energy transfer in a collision is assuand to be

N? = K’v ; = K’(X/Y)2 U2 , (18)

where

Y = (UI’U2) = il+xz

X is defmc.d above and U2= (0,1) in the rest-$rame of fluid 2. The function K’ is a fimction
of X. The [oral ener~ transfer IS &oI.IK’v .

\
A relation between K and K’ IS f mnd by

transforming tlr quanons to k rest-frame o fluld I and rquuing that uw obtain the same
form of the cquatmns as - chd m the rest frame of fluid 2,

K’(X) = K(X)Y/(1 + Y)

After transforming Eqs, ( 17) and ( 18) to an a.rbitrauy frarnc, the Euler equa~ions for fluid 1
arc

aM,

al
— +V(vl ● Ml) = -VP I - RUOI,-: (Y,vl - Y~v~) , (19)

W,
+V(VI E,) = -V(V, P,) - R,u,, $~ (Y, - Yl) (20)



Equations for fluid 2 arc found by interchanging tie labels for 1 and 2

Unlike the one-fluid model, the equations (19) and (20) for tic nw-fluid model arc
not .scalc invariant. The calcuJ.aMI rcsuhs depend upon the mass of the nuclei i.nvolv?.dand
*is is entirely ~able. A similar cmsccprence OCCLUSif one uses the Navier-Stokes
equations. However, unlike the case of the Navier-St&?s equations which introduce
dissipation through higherader derivatives of velociry (md the ensuing complications), the
,wo-fluid mrxlel achieves k same end by elirninatir,g dcrwtives in the additicmal terms.

The additiomd co@ing urms m Eqs. (19) and (20) describe k friction bcrwccn the
nuclei entirely m terms of two-body collisions of constimmnt nucleons. It is assumed that
the NN cross section is the free NN cross section and is independent of density (which is
probably a por assumption at large densities) and that dw Fermi velocities of the irrdividuaJ
nuclcons may be ignord. For large relative Vel I . ities this is a good approximation b~t al
lower velocities it probably underestimates the :oupli.rrg. However, at sufficiently low
velocities it is irrclcvanr Ixcausc the fluids will have merged together.

When the relative velocity of the two fluids is less tian t.k Fermi velocity, it is
di.fficuh to continue speaking of rwo scpara:e and durtinct fluids Thus, ar low energies the
rwo-fluid model is amuncd to go over ro the one-fluid model. Tlr.is transition is performed
in chc folJowing manner When the relative velocity X exceeds dn upper value XU(f, g ,
rwicc the Fermi velocity), it is assumed the equations for tie two-fluid model remain
unchanged. Below a lower limit XQ, (cg., drc Fermi velocity) it is assumed *C one-fluid
model is valid In tis laner case the one-fluid quantities are relaied to the NJ fluid
quanuues by

N= NI+N2, E= E1+E~
and

,M =Ml+M~.

For values of X intenncdlalc bcrwecn Xp and Xu. one assumes [hc values of

prt!ssurc and vclocIry for each fluld L$ obt.amed from

e,> = CZP,+ (1 -a) N,P/?4
and

0,> =avl+(l-a)v,

where

a= (x-xk!)/(xu. xc). xR~x~xlJ

For X almvc Xu, @ 1 and for X lCSSthan Xe, a = O ThIIs, a vartcs Imctuly from Oto I
In addltmn, the coupling tcrm$ m E2p (19) and (20) arc AIso multlplwd by a, I r , Rcnll
bccomcs a(X) RCOI1Thus, when rhc flulds have merged there is no firrthcr cxchangc of
energy and momentum hcrwccn rhc two fluids l%c couplrng function K(X) IS chosen to
reproduce k mean Iongmxhnal mo-,lcntum transfer m a nucleon.nucleon colluil(m

In Flg Marc shown the rnancr dlstribu Jon frrr ‘2S or) ~O~Ptial 60 GcV ~r nuclcwl
II may he obwmcd thal there is panr.a.lcra.nsparcncy some of tic martcr ongr.nally txlmlgm~
m the prnJectdc k passed through the Pb target. However, ttus projccti.lc matter has ir
vcl~lty appreciably less than its ongutal vcloclty, m kccprng with the choice of coup]mg
funcrmn K(X), which should provrdc for a mean rapdlty 10SSof two urms

Tltc work of E)usza md Goldhaberq$ analyses lcluslvc cros%-section data$hfor ttw
rcactmn p + A-+p + X for which r.hcrncldent proton energy ui I()(}(;c V They conclude d)r
mca.n rapldlfy low of a I(MI-CJCV proton rravcrslng the dlarnct~r (If i-ihcav~ IIUL.leU\ I\

apprtmlmalcly 24 unll~ A unuplutg functmn tluu rcprtdu~cf thl~ rapldlr} l(~si is



K(X) = ~m~(6- –s–i)
1+X

h is the coupling !imcrion h: was used in Ihe calculation shown m rhis paper.

r 1

.ullll~, ““’’W)J,W“,,,111111[[=. ,.,,.,,,

10
-23. 09 1.8

.l~} ,, w:,,.”,‘
“l~,,::,.,$ ,..:,.. ., ,,

,,’ .

-7 36 4.4

Fig R Matter dmributions calculated for h collision of ~2S on zO@PbaI 60 GcV per
nucleon The calcuhm is m the cmiermf-vcloclty frame

v. PIONS

Being the Ilghtes meson, the plon ISproduced more alwncimdy than any other me-
son II couples strongly to IJKnucleon, uuc pion absorption ISan im~mm but not com -
pletely undcrsmod praess.57 AfIempts 10 lmk picmprducrion m heavy iml rcxtions 10 fhc
nuclear equation of statcse.~~ have bce~ made. This linkage has failed, in pti, because
medium effects & 10 be impum have ntx previously ken included in dte analyses of
pion production, nor have marry-body effccls as u three. and four-body absorption (WC
Fig 9). Although Mae mechmisms accoum for ~rhaps 30% and 10%, reactively, of
me pion absorption at normal dcnsity,c 0 their density dependence , p~ and pd,
resucctwely, d hence, may dommatc ●t high dcnsillcs l’lw CXPIICIIreclusion of such

!
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However, comecrion.s due to medium effects have &en studied in some models
Medium comect]ons take irtIo accoum interactions between the pmns and hadrons in the
nuclear medium and hatie the effect of altering the pion’s properties and interactions
Mlgda161 suggested these corrections mighl give rise to a pion condensate in the nucleus
A.frsr much theoretical and expmmcntal work, II a~ars a condensate or mcipicnt conden-
sate dws not exm w normal nuclear density. However, it is nor to be precluded that the
medium comemions can give & to large, collective effecrs at higher densities reached
during a Imavy ion raution with ~ C-cmesbz

At moderate energies of a few hundred McV per nucleon, che smmg interest in pion
production stems in pan from the suggestion of Smck er al 58 that pion yields from heavy
ion rcac?ions would yield information about the nuclear equation of state This was
motivated by die realization hat most early models of heavy ion rcacrions yielded too many
pions cotnptied to experiment, these early calculations--petformcd wltb either
thcrmodynamlc63 or Lntranuclear cascade modclsti--did not include any compressions.1
energy. Hence, there was too much thermal energy in the expanding system; dtis energy
was presumed 10gc into pion production U one arbinarily added sufficient compressional
energy to rduce Lhc excess number of pions until there was agreement with experiment, the
suggcsricm wu that one hao a mcusurc of the compressional energy of the dense fmbdl
resulting from the collision of the heavy ions. ~s ar~ument seemed to aJso be given
credence by hydrody-mrnical calcultions6s!M which do include compressiorud energy in a
rurufal way These calculations prd.icl too few pions. ] Implicit in the above a,fgument is
the assumption tht adding comprcssiord energy in this fashion WN a measure of We
maximum number of pions is that Lhe pion numlxr was constam after it reached a
maximum. However, as M system expanded and cooled, one might expect some of the
pions to be absorbed. Besides dt.i.sconceptual clifllculty with the argument of Stock fr al , n
newer intrmwclcar c-de mo&l,67 tit includes birding energy can ~arcntly account for
t)w number of prcducd pions.

l%c calculmimts in bth the hydrodynamic model as weli as the intranucl~ cascade
model assumed the ~cpmcs of the pion m tic hoi, dense maner were the sarrv as for a he
plon W s known to be a poor approximation The di.sptrsion relatlon that .escnbcs the

cncr~, Q, of a plon M a funtilon of lts momcnrurrr, k, can be wnncn asbl,~

d = M2+k2 +n(k,t.o) , (15)

where p s tic pion mass and Il(k ,r.o)is the polarization opra!or that depends on dcnsmy
and temperature as well m momentum and energy In general, the polarization functions
can be calcu.lamd m terms of Lmc9mrdfummons. However, a ticHoIml form waa obtained
by MgdaJ bud on calculations by hum and collaborators Fncdrnan ●r ai ~ modified this
Sllghtly m fheu Ln.ttd work on * effects of the softerung of Ihe plon spectrum m heavy ion
m.actlom

k2A2~(k,co)
n(k,o) =

&g’A2~(k, (I)I ‘

where A = A(k) ISa cutf~fffunctmn dcfmcd by

k’
A(k)=c “ . h= 7rn,



The quantity ZR arks from the dells, p is chc nuclear density, g’ is the ~da.u paranmcr
and q is tic energy of a A particle. [By fitting various scattering data, Johnson69 has
dercrmined the value of g’ to Ix O4N.13. ] The energy (IIof a pion as a function of k M
shown in F\g. 10; ASO plorted is CORand the energy (JJFc f a free pion. Fcr small k the
excitations hchavc like free pions while for large k they &have like a A particlr.
Brcrwn70.71has coined the term pisdmrs to descrilx L)Wexcitation. From the figure one
may see tiat for intemmhwe valws ofk, @k) dcpnds sensitively upon tie value of g’ and
for sul%cicndy mall g’, cmeobtains a pion condensate.

FIg 10 The plon dqvcrsmn relalmri M defined m eqs (3) and (4) The quamltles ~ and
WFarc the energies of a A and a free pmn, rc~c[wcly

For values of g’ of 06 appreciably less emrgy is mquwed m create a pion than were II
to h-vc the propenles of a free pton How does dws affect the evolution of a heavy mn
reactmn and the numlwr of pmns that ultunmely reach tk delcctorq To deterrnmc this, u
hydrodyna,rnlc calculation of a 800 McV/nuclerm cqul-n}as~ colllsmn was performed l“nc
cm.iydlffercncc bcrwccn the new caJcuJatmn and that of CIUC rr al ~~ I.Sthe change in the
●rwrgy of the pion, In the hydrudynwnlc calculation.. orw assumes there u both local
cherrnodyrwm qudh-rum [M, the concep! of [empermurc IS well. defmedj and chemical
equdihrmnr Ithe nurnher of nuclerms and pIons have reached a steady state], For a glvcrr
!emprarurc 1 and energy @k), the nurntwr of pi[ms IS



ratio of neutrons IOdculerons will be a.hered. In Fig 14 arc show-n the calculated results for
average tem~rarwc and number of pions as a fimction of time and value of g’, ‘ialues of g’
less than 0.7 were not used as a pion condensate would be generated and solutions of ~hc
hydro equatiom would kcmnc singular ~esc calculations assumed the number of plons
was determined solely by the ahvc equations; in actuality one must be more CWAI: fie
number of A’s should nw exti the number of nucleons. This k not a problem excqx for
small values of g’] Ih.ring h @od of maximum comprrsslon, the temperature of tire
system is much less. ThLs implies the tiermaJ pressure will be less and the explosive
expansion of the system will be slower.

in his calculation the system Wm allowed to expand indcftilcly. However, at some
va.luc of the density hydrodynamics ceases to lx valld and the system thczes out. By this,
one assumes foUowing froze-out, the particles cease IOi,meraa and are be-c streaming, If,
as in this calculation. one does no[ allow dtc pions to escape, one observes from the figure
that the final number of pions will be the same, independent of the value of g’ Although
dtis is an unrealistic assumption, one might inqutie whether there is some methodwhcreby
one could dcletmme the number of pions al the intemwd.iatc times. A cunning idea due to
Gale and KapusIa 72!93 may allow this. They propose as a signature of the number of
pions,thc numb of di-leptons produced during heavy ion reactions. The di-lcptons arc
produced m the press

%rc->y+y,

trp] tffpl

I I Plot of T \.r t md nfi k’s t for a vticty of ~wumpllrms of g’ The reaction WM for
qul-mms nuclcl m s nesrly ccnmal colllslon it W) Mc~ per nucleon The unit of time IS
fro/c, Ep’proAlrnatcly~ frdc equals I(NS

}Iowcvcr, thcmell~al rcsu)rs rcpotlcd by osct m these proceeding cast doubts on the
p4mslhI.IIryof Ohscmmg m tacas numhcr of Icptrms Expcruncnls74 that attempl to me~surc
!hls arc underway at tic Bcvalsc Thu\, we sec the close Imcrplsy Ixrwccn plon physl(~
and hcav) mn physics

I wish to !hmk my collaborators, L C Cscmm, A Goldhatwr, and M (;ong !(}I
thclr help during die long uavad and pcmnmsmn to show results prior 10puld IL’atI(m
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